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Abstract. We report on a scheme for the creation of time-bin entangled states out of two subsequent 
single photons. Both photons arrive on the same input port of a beamsplitter and the situation in which 
the photons leave the beamsplitter on different output ports is post-selected. We derive a full quantum 
mechanical analysis of such time-bin entanglement for emitters subject to uncorrelated dephasing processes 
and apply this model to sequential single photons emerging from a single semiconductor quantum dot. Our 
results indicate that the visibility of entanglement is degraded by decoherence effects in the quantum dot, 
but can be restored by use of CQED effects, namely the Purcell effect. 
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1 Introduction 

Since the first realization of an entangled photon source allowing for the violation of Bell inequalities [1], entangled 
photons have become an important element in the arsenal of quantum optics experimental techniques and were 
subsequently used in many studies of fundamental aspects of quantum mechanics. More recently, it has become an 
enabling resource of potentially disruptive quantum information science, such as quantum communications allowing 
for quantum key distribution links [5] [3j [1] or the realization of quantum relays |5j . Up to now, entanglement has been 
realized mostly by use of two photons emitted by nonlinear optical process (such as parametric down conversion [6] [7] 
[8]). Such non linear sources are routinely used in quantum optics, particularly in experiments on quantum teleportation 
[12j [13j or entanglement swapping [14] [15j . However, such sources are based on parametric downconvertion, which 
follows a Poissonian emission statistics. On the other hand, deterministic sources of entangled photons can be obtained 
from cascade emission in single emitters. Polarization entangled photons have already been produced from single atoms 
[T] or single quantum dots [S] [TD]. A scheme producing deterministic time-bin entangled photons using the cascade 
emission of a single quantum dot excited from a still unknown metastable state has also been recently proposed 
|17| . In such two photon emitters, photons emerge from a common source and are produced in a entangled state by 
the emission processes itself. Alternatively, deterministic polarization entangled photons can be obtained with two 
indistinguishable single photons emitted sequentially and linear optic components [16j . 

In this paper, we propose a scheme for entangling two sequential single photons on a simple beamsplitter, creating 
hence a deterministic time-bin entangled state [18j . Two sequential indistinguishable single photons (see Fig. [T]), 
separated by a time delay T large compared with the single photon pulse duration, are incident on the same input 
port of a beamsplitter. Let us denote them \short)a and \long)a- The two output ports of the beamsplitter are 
denoted c and d. If we discard the events when both photons follow the same output port (states \short) c\long) c and 
\shori:) d\long) d) ^ the post-selected state, obtained with a probability 1/2 at the output of the beamsplitter, reads: 

= ■^{\short)c\long)d + \long) c\short) d) (1) 

This state is a time-bin entangled state, that can be further analyzed in a Franson-type photon correlation set-up [5] 
|19| . composed of two interferometers 1 and 2 respectively placed along the output ports c and d of the beamsplitter. 
Postselection of state \^^) is achieved by recording only coincidence events between the output ports of interferometer 
1 and the output ports of interferometer 2. In such an experiment, we perform an analysis of the entangled state 
created on the beamsplitter by which-path interferometry. Such a scheme relies on two crucial features, namely the 
efficient generation of deterministic single photon states and the indistinguishability of these states. 
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Fig. 1. Schematic of entanglement generation and analysis. Two sequential indistinguishable single photons, with a relative 
time delay of T, are split by a beamsplitter and sent to unbalanced Mach-Zender interferometers. 



Initially indistinguishable single photons were obtained from a process of degenerate parametric downconversion 
[20] [2T] [22] : however, these sources based on non- linear processes are not deterministic, since the generation of 
photon pairs per excitation cycle is probabilistic, entailing multi-pair events that lead inevitably to a decreased 
degree of entanglement [23] . In recent years, the use of single photon emitters to produce quantum mechanically 
indistinguishable single photon sources has made possible to eliminate multiphoton occurrences. Such single emitting 
dipoles are for example self-assembled quantum dots [23] [H] [5S]. However, such solid-state emitters are subject to 
strong dephasing mechanisms, which partially degrade the degree of indistinguishability between the emitted single 
photons. 

In this paper, we present the theory of time-bin entanglement generation from a single photon emitter by considering 
explicitly the effect of dephasing processes. The paper is organized as follows: In Section 2 we describe the main 
ingredient entering in our model, namely, the single photon emitter subject to random phase fluctuations during 
emission. In Section 3, we calculate the probability of simultaneous detection between the output ports of two Mach- 
Zender interferometers placed on each output port of the beamsplitter and derive the visibility of the two-photon 
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interference. These calculations serve in Section 4 as a guide for identifying experimental situations in which time-bin 
entanglement can be reahzed efficiently. Finally, in Section 5 we summarize and conclude. 



2 Single photons with phase diffusion 

We consider the situation in which single photons originate from a single-photon emitter subject to phase diffusion. 
The single photon emitter is modeled as a two-level system that interacts with the electromagnetic field by absorbing 
or emitting photons whenever it undergoes a transition between its two states. The emission of a photon at time to 
and its propagation during a time r can be described by a creation operator 7^ : 

7^+)= / fi{t'-to)a^+\t' + r)dt' (2) 

JR 

where a'^'^^t) is the photon creation operator at time t and ii{t) represents the temporal shape of the single photon 
emitted by the two-level system. For a perfect two-level system isolated from the environment, the function fi{t) would 
be an exponential decay with a characteristic time constant related to the radiative lifetime Ti = 1 /F' of the two- level 
system placed in its excited state. However, most single emitting dipoles are subject to sudden, brief, and random 
fluctuations of their energy (arising, for example, from collisions with phonons and electrostatic interactions with 
fluctuating charges located in the dipole vicinity [27j). These fluctuations of the two- level system are assumed to be 
completely uncorrelated between them. In this context, the wavefunction fi{t) reads |28| : 



where K is a normalization constant, H{t) is the Heaviside function, hfio is the energy of the transition energy of the 
two-level system isolated from its environment and A is the radiative frequency shift due to the interaction with the 
environnement. In the following, we shall denote f2 = Hq + The phase <P{t) is the fiuctuating phase of the two-level 
system subject to phase diffusion, which, in the interaction picture, is transferred to the emitted photon. It satisfies 
the following relations: 



gjS.(t) ^ I 
gj<S(t)-i<J>(t') ^ g-^l*-t'l 



(4) 
(5) 
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where the overlines denote statistical averaging. F is the dephasing rate of the two-level system and can be expressed 
as a function of the characteristic time for pure dephasing according to T2* — l/F. The dephasing rate F and the 
decay rate F' are related to the coherence time F2 as follows: 

+ + ^ (6) 

T2 2 F* 2Ti ^ ' 

Let's suppose that after a propagation time r, the photon emitted at time to is detected by a detector that converts the 
single photon received into an electric pulse that can subsequently be processed. The probability p{t) of photodetection 
of the single photon at time t can then be expressed by use of the E'^^^t) photodetection annihilation operator at 
time t as: 



Pit) = mi;^EMit)E(-)it)jl+^\0) (7) 

where the angular brackets denote quantum mechanical averaging with respect to the state of the electromagnetic field 
and the overline the statistical averaging with respect to the fluctuations. By use of eq. ^ and ([3]), this probability 
reads: 



p{t)^U,{t-T~toW (8) 
= \K\^e-^''^'-^-'°'>H{t - T - to) (9) 

The normalization condition J^p{t)dt = 1 (no transmition losses and perfect detector) implies \K\'^ = F'. 



3 Entanglement on a beamsplitter 

We suppose that the two photons, involved in the experiment described on Fig. [U are produced sequentially by the 
same two- level system, with a time delay F >> Ti. Both photons impinge the beamsplitter on the same input port 
a. In the following, we shall only consider the situation in which the two photons are separated by the beamsplitter 
along two different output ports, noted c and d. The creation operator of the photon pair can then be expressed as: 

.a,( + ).a,(+) 7-5 7f /.c,(+) + ) , ^ d,{ + ) ^ c,{ + } „s 

7tJo 7t=T^V^ssTss(7o It +7o 7t ) (10) 



6 M. Larque, A. Beveratos, I. Robert-Philip: Entangling single photons on a beamsplitter 

where 7^^' is the creation operator of a photon emitted at time on port x of the beamsphtter. Rbs ^^^id Tbs are the 
intensity reflection and transimission coefficients of the beamsphtter. These photons propagate respectively through 
two unbalanced interferometers 1 and 2 and are further detected on two detectors placed on the outputs (i = 1, 2) 
of these interferometers. This setup postselects the configuration in which the photons excite different output ports 
of the beamsplitter. In addition, joint photodetections are registered only for delays between detection events lower 
than the delay T between photon emission occurences. The results of such an experiment give the probability pi2 of 
joint photodetection of one photon on output port ai and of one photon on output port a2, provided the first (resp. 
second) photon passed through the long (resp. short) arm of the interferometer. This probability is related to the 
interference between two possible paths leading to photons on outputs ai and a2, with no information (in ideal case) 
on which photon was the first or the second emitted by the source. The other joint photodetection events with delay 
greater than T are not resulting from this interference but can be used experimentally to normalize the probability pi2 . 



3.1 One photon travelling through one interferometer 

In order to express pi2 , let us first consider the situation in which one single photon emitted at time to travels through 
an unbalanced interferometer with arm lengths equal to ct^ and c{Ti + dri) as described on Fig. [51 We suppose that 
one input state of the interferometer is vacuum ('/"''^■'(O = 0) and that the other input state i'^*^+-'(t) is the single 
photon state arriving at time t on the input port. The creation operator i;''*^+^(i) and the operator ^*'*^+)(t') of creation 
at time t' of one photon along the output at of the interferometer are related by: 

i''(+)(i) = /R^f + n + dn) - ^fE~flC^^+\t + n) (11) 

The first term in the previous equation corresponds to the situation in which the photon has followed the long arm 
of the interferometer, while the second term corresponds to a propagation along the short arm. Ri and Ti are the 
intensity reflection and transimission coefficients of the interferometer. In this context, the detection probability of 
a single photon along the ai output of the interferometer at time t reads: 



p,{t) ^ (0|(<;(-) +a?:-^-')4^+^(<)4^-Ht)(ar/+^ +a?:-^+0|0) = Et^{t){d/:^^^+c^;'^^m 



(+)^ 



(12) 



where e'^ \t) is the photodetection annihilation operator at time t on the detector placed on the ai output. The 



creation operators d^*'*-^^ and dj*'*-^-* can be expressed as follows by use of equations ^ and pTjl : 
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Fig. 2. Schematic of an unbalanced interferometer. 



= y/mi / ^l{t' - to)t^+\t + n + dn)dt' 
Jr 



(13) 



"-to 



In these expressions, only propagation times through the interferometers are taken into account. 



3.2 Two photons travelling through two different interferometers 



(14) 



In the experiment involving two photons separated by a time delay T, joint photodetection can only occur if the 
single photon state created at time t — follows the long arm of one interferometer, and the single photon state 
created at time t ^ T follows the short arm of the other interferometer. In this context, the probability ^12(^1,^2) of 
photodetection of one single photon on ai port at time ti and of one single photon on a2 port at time t2 reduces, by 
use of (Uni), to: 



Pi2{tut2) ^ RbsTbs \t2)E\ \h)[a'^''^>a':,'-'^> +a'^ 



)|0) 



(15) 
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Using relations (fT3|l and (fT4|l . the joint photodetection probability pi2 can be evaluated as: 



Pl2 = / dtidt2Pl2{tl,t2) (16) 

r 6 

= RbsTbsRiTiR2T2 / n rfi^ fi{t3)*f^{t4 - T)*pi{U - r)^(t6) 

(0|[e^'(-H^3 + n + rfTi)e2,(-)(^^ ^ ^ |2,(-)(^^ ^ ^ ^ 

^^^(^2)i?^^(^l)[f ^(+^(^6 + T1 + dTi)f + ^2) +|2,(+)(^^ 

(17) 

In this expression, integration over all detection times ti and t2 and not only for |t2 — ti | < T is allowed, since only the 
paths leading to joint photodetection are selected in equation (lisp . This integral can be readily evaluated by commuting 
the two annihilation (resp. creation) electric field operators through the photon creation (resp. annihilation) operators. 
Operating these commutations, the joint photodetection probability can be written as: 

r 6 

P12 = RBSTBSR1T1R2T2 / n dU Kt3)*Kt4 - Tyfi{t5 - T)fi{te) 

^=l 

[S{t3 +Ti+ dn - h)S{U +T2- t2) + S{t3 +T2+ dT2 - t2)5{U + Ti - h)] 

[5{tQ +TI+ dn - ti)5{U +T2- t2) + 5{U + T2 + dT2 - t2)5{h +Tl- tl)] (18) 

= RBSTBSR1T1R2T2 [ dhdt2 

JR2 



fl{h -Tl- rfTi)2 ^(^2 -T2- T)2 + ^(ia - T2 - dT2Y ^i{tl - Ti - 



HK-tl dTl)*^i{t2 -T2- dT2) ^i{t2 -T2- T)* - Tl - T) + C.C.) (19) 

where "c.c." denotes the complex conjugate. The emission process by the source is supposed to be much faster than 
the delay T between the two emission events, so that the emission of the first photon docs not affect the emission of 
the second one, and statistical averaging can be made independently on each photon. Thus, using the expression of 
fi{t) given by equation ([3|) and upon integration, we obtain the probability of joint photodetection of single photons 
on both outputs ai and a2 as: 

P12 = 2RbsTbsRiTiR2T2[1 + V x cos{f2{dTi - dra))] (20) 

where: 

2 22^1 
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The coincidence rate between the two detectors displays an oscillatory behavior as a function of the phase difference 
f2[dTi ~ dT2) between the two interferometers. V is the visibility of the interference fringes. This interference is a two- 
photon interference and results from equal probability amplitudes of two indistinguishable paths: (1) first and second 
photons respectively in the long arm of interferometer 1 and short arm of interferometer 2 and (2) first and second 
photons respectively in the long arm of interferometer 2 and short arm of interferometer 1. As expected, the interference 
pattern only depends on the phase difference of the two analyzing interferometers. Contrary to experiments with time- 
bin entangled parametric down converted photons [19j . it does not depend on the phase of the pump interferometer, 
since the photon emission is an incoherent effect. 

4 Restoration of Entanglement through the Purcell effect 

The visibility Y is experimentally measured as a function of the optical path difference c[dT\ — dT2) between the two 
interferometers. It falls with increasing time delay (dri — dTi\. this decrease is related to the timing information one 
could extract from the detection events and give rise to which-path information. However, 1/ is a slow-varying function 
of (dT\ — dT2) compared with the cosine term. Therefore, its maximum amplitude can be inferred from experiments in 
which dri sa dT2 ~ T within small variations of (dri — dr-i) compared with XjF and XjF' . 

Perfect visibility iy — 1) is obtained for perfectly indistinguishable single photons (T2 — 2Ti). In the absence of 
pure dephasing, the produced entangled state is maximally entangled, hence giving rise to perfect correlations. On 
the other hand, the maximal visibility drops to T2/{2Ti) for single photons which are not Fourier-transform limited 
{T2 < 2Ti). This value of T2/{2Ti) is the "degree of indistinguishability" of the single photons, i.e. the amplitude of 
the coincidence dip observed in a Hong-Ou-Mandel two photon interferometer, which implements the coalescence of 
two single photons impinging on different input ports of a beamsplitter [20j . Yet, a visibility lower than unity does 
not imply that the state is not entangled. Among the different criteria demonstrating entanglement, one of them is 
the violation of Clauser-Horne-Shimony-Holt (CHSH) inequality. The violation of such inequality involves a visibility 
V higher than l/\/2 pS]. 

In order to illustrate our results with a concrete example, we shall consider the case of a semiconductor quantum 
dot as the single emitting dipole. Their lifetime is generally equal to Ti = 1 ns, and the pure dephasing time varies 
from T2 — 30 ps to T2 = 300 ps and even values higher than 1 ns for quantum dots under non-resonant pumping 
in the wetting layer, quasi-resonant pumping on a confined excited state pTT and under resonant pumping j32| |33| 
respectively. These variations of the pure dephasing time on the pumping conditions can be explained by dephasing 
electrostatic interactions of the trapped exciton with fiuctuating charges located in the dipole vicinity [27j and values 
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higher than 1 ns can only be reached under resonant pumping |32j [33j . which is precluded for single photon generation. 
For pure dephasing times respectively equal to 30 ps, 300 ps and 1 ns, the visibility given from equation (|2ip is equal to 
Vsops = 0-014, VsQOps = 0.130 and Vins = 0.33 respectively, but not high enough to violate Bell inequalities. Conversely, 
if T2* reaches values much higher than 1 ns, it is possible to obtain a visibility higher than V2 and our model correctly 
predicts the recently and independently obtained experimental values j34 after correction of the multiphoton events 

m- 

Since pure dephasing time can not be further increased, one has to decrease the dipole's lifetime Ti such as 
the photon is emitted faster than any dephasing mechanism. This is obtained by cavity quantum electrodynamics: 
the density of optical states is increased by use of an appropriate microcavity, leading to a decrease in the dipole's 
lifetime as predicted by Purcell. First observation of cavity quantum electrodynamics effects in semiconductor dots was 
obtained by Gerard et. al. [30] and Purcell factors (i.e. spontaneous emission enhancement) as high as 10 have been 
observed by several groups. Such values of the Purcell effect leads to a ratio of T2/{2Ti) as high as 0.8 [21] [IS] |26j . 
Fig. [3] depicts the maximum visibility V of the interference pattern for such emitters, as a function of the spontaneous 
emission enhancement F for different pure dephasing time T2 and dri w c?T2 ~ T . It confirms that improvement of the 
visibility is achieved with the exploitation of the Purcell effect. For quantum dots with an excitation above the wetting 
layer band edge however, a Purcell factor higher than 160 would be necessary (Fig|3]- dotted line). Conversely, for dots 
with a quasi-resonant excitation, a Purcell factor of the order of 16 would be enough to violate Bell's inequality (Fig 
[3]- dashed line). Such Purcell factors have already been achieved, indicating that the possibility of realizing time- bin 
entangled photons with semiconductor quantum dots embedded in microcavities is totally accessible with available 
technology. 

The main advantage of this scheme compared with parametric downconversion time-bin entangled schemes resides 
in the fact that it is not necessary to compensate for any phase drifts of the time delay T between two emission events. 
As long as the phase drifts zbdT are small compared with the photon pulse duration Ti, the interference visibility 
remains almost constant. Indeed, T may fluctuate from one experimental realization to another, for instance if the 
duration of the excitation pulse is not negligible compared to the duration Ti of the emitted photon [21j . For dri — dT2 , 
derivation of equation pT]) indicates that: 

for dn = dT2: — = -r'ldTl = (22) 

rpvac corresponds to the quantum dot radiative lifetime with no spontaneous emission enhancement. This equation 
indicates that any variations of T within the pulses duration Ti will reduce the mean overlap between the wave 
packets of the two photons and thus reduce the visibility of the two-photon interference. As an example, variations of 
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Fig. 3. Maximum visibility of the two-photon interference as a function of the Purcell factor for a two-level system displaying 
a spontaneous emission lifetime Ti = 1 ns. (a) dotted line: T2 = 30 ps, of the order of magnitude of the pure dephasing time of 
quantum dots under non-resonant pumping in the wetting layer, (b) dash line: T2 = 300 ps, of the order of magnitude of the 
pure dephasing time of quantum dots under quasi-resonant pumping on a confined excited state, (c) solid line: T2 = 1 ns, of 
the order of magnitude of the pure dephasing time of quantum dots under resonant pumping, (d) Solid line with crosses: value 
of I/V2 

an amplitude of 2dT of the order of 1 ps corresponds to a maximum visibility of 79.8% instead of 81% for dots with 
Ti = 1 ns, = 300 ps and subjected to a Purcell effect with F = 30. 

In previous paragraphs, we have assumed that dri « dT2 ~ T. This can be achieved only with a certain precision. 
Figure H] shows the visibility V of the two-photon interference as a function of dri — dT2 in two situations. For two- 
photon interferences whose maximum visibility is equal to 1/a/2 (dashed line), observation of entanglement requires 
that the arm length differences cdr^ of both interferometers be equal to cT with wavelength-scale precision. This 
situation occurs for quantum dots with Ti = 1 ns, Tg* = 300 ps and subject to a Purcell effect with F = 16. Such 
balancing of the interferometers is experimentally not easily obtained, and interference fringes will rapidly lose visibility 
when scanning the interferometers. Consequently, violation of Bell inequalities requires the use of dots with a higher 
Purcell factor F. For Purcell factors as high as 30, violation of Bell inequalities is achieved if the arms length difference 
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Fig. 4. Visibility V of the two-photon interference as a function of the delay dn — dr2 for T — dn and for photons emerging 
from a single emitter with Ti = 1 ns, T2 — 300 ps and subject to the Purcell effect with: (a) dashed line: F — 16 and (b) 
solid line: F — 30. Solid line with crosses corresponds to a value of the visibility of l/\/2- Insert: visibility V of the two-photon 
interference as a function of the delay T — dri and T — dT2 for photons emerging from a single emitter with Ti = 1 ns, T2 = 300 
ps and subject to the Purcell effect with F — 16. 



c{dTi — dT2) of the two interferometers is positioned within ± 3144 A where A is the wavelength of the photon involved 
in the interference (see solid line on Fig. |4]). For quantum dots emitting around 900 nm, this corresponds to a precision 
of cidTi — dT2) of the order of ± 2.8 mm achievable with usual Mach-Zender interferometer balancing techniques. 



5 Summary and conclusion 

We have studied the generation of time-bin entanglement by use of two single photons incident on a beamsplitter. 
These photons are be emitted sequentially with a time delay T by a two-level system that undergoes dephasing in the 
course of the emission process. This emission process generates a state \short) ~\- \ long) sent on a fifty-fifty beamsplitter. 
If we post-select the situation in which the two photons leave on two different output ports c and d of the beamsplitter, 
the obtained state after the beamsphtter is the time-bin entangled state \^^) = {\short) c\long) d + \long) c\short) d) / V2. 
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The fidelity of entanglement is related to the visibility of the two-photon interference obtained in a Pranson-type set- 
up composed of two interferometers. This visibility V can be inferred from joint photodetection measurements between 
the respective outputs of the two interferometers. We have calculated the visibility V for two photons originating in 
a single emitter characterized by an excited state lifetime Ti and a coherence time T2, by modeling the dephasing 
process as resulting from stochastic fluctuations of the excited state energy of the emitter corresponding, for example, 
to fluctuations due to collisions. Our results indicate that the maximum visibility of the interference is equal to 

T2/(2ri). 

Calculations using the physical parameters of semiconductor quantum dots highlight that, because of the relatively 
rapid dephasing, the visibility of the two-photon interference produced by bare quantum dots is very low (of the order 
of 10-30%) and does not allow the violation of Bell's inequality. However, by enhancing the spontaneous emission 
lifetime of the quantum dots by a factor of 30 by use of Cavity Quantum Electrodynamics effects, it is possible to 
raise this visibility to levels that could become interesting for quantum information processing schemes. Experiments 
are in progress in our laboratory to implement these ideas. 
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